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Abstract: The Chernoff coefficient is known to be an upper bound of
Bayes error probability in classification problem. In this paper, we will
develop a rate optimal Chernoff bound on the Bayes error probability. The
new bound is not only an upper bound but also a lower bound of Bayes
error probability up to a constant factor. Moreover, we will apply this result
to community detection in the stochastic block models. As a clustering
problem, the optimal misclassification rate of community detection problem
can be characterized by our rate optimal Chernoff bound. This can be
formalized by deriving a minimax error rate over certain parameter space
of stochastic block models, then achieving such an error rate by a feasible
algorithm employing multiple steps of EM type updates.

MSC 2010 subject classifications: Primary 62F03; secondary 60G05.
Keywords and phrases: Chernoff information, Bayes error probability,
hypothesis testing, community detection, stochastic block models.

Received June 2019.

1. Introduction

Many classification and clustering problems in statistical literature can be re-
duced to symmetric hypothesis testing. In a classical setting, given two hypothe-
ses Hy and Hq, where H; assumes that observing data from a measurable space
with distribution P;, one discriminates between them according to certain de-
cision rule. Type-I error occurs if one accepts Hy while the data are generated
from distribution Pj, and vice versa on type-II error. Symmetric hypothesis
testing indicates that the hypotheses are equiprobable, and the loss function
weighs type-I error and type-II error equally. Therefore, we would like to focus
on the Bayes error probability, which averages two kinds of error probabilities.

The asymptotic behavior of the Bayes error probability becomes an essential
problem in symmetric hypothesis testing. Given probability density functions
(PDFs) or probability mass functions (PMFs) ¢g and ¢; of distribution Py and
P, respectively, the Chernoff information, defined as

D (olle1) = —aei%fl)log/wé*“w?du (1.1)
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is known as the best exponent of Bayes error probability [1]. A Chernoff type
lower bound was investigated in [2, 3]. It is a powerful tool in many researches,
such as community detection [4, 5, 6] and quantum information theory [7, §].
However, the ratio between Chernoff coefficient, defined as exp(—Dq- (o|¥1)),
and the Bayes error probability has not been investigated in previous literature.
In this paper, we will propose a rate optimal Chernoff bound for Bayes error
probability. Observing i.i.d. samples with distribution either ¢y or ¢, we will
show that the Bayes error probability is asymptotically equivalent to
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Vnar(1—a*)

up to a constant factor. This result can be generalized to the non-i.i.d. case.
Although a comparable second-order asymptotics for asymmetric hypothesis
testing was investigated in [9, 10], there is no direct application to our situ-
ation.

This paper will also apply the main result of the rate optimal Chernoff up-
per and lower bound to one of popular clustering problems in statistics, namely
community detection. Particularly, we will focus on the stochastic block models
(SBM). Many effective algorithms and related theories have been proposed for
solving community detection in SBMs, including global approaches such as spec-
tral clustering [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] and convex relax-
ations via semidefinite programs (SDPs) [24, 25, 26, 27, 28, 29, 30, 31, 32, 33].
Global approaches usually involve a single optimization step (either spectral
clustering or SDP after convex relaxation) and do not require good initial-
ization. However, these algorithms are usually not optimal on their own, be-
cause both spectral clustering and SDP lose the block structure in SBM. The
pseudo-likelihood approach [34] fills in the gap with local refinement and makes
optimal clustering possible. The general idea was concluded as “Good Initial-
ization followed by Fast Local Updates” (GI-FLU) by [35]. Since the minimax
error rate proposed in [36], algorithms in the manner of GI-FLU are developed
in [37, 35, 4, 6]. However, as the rate optimal Chernoff upper and lower bounds
were not used in these papers, the minimax rate is not sufficiently accurate and
very few algorithm have been proved to be optimal. Details can be found in the
following table. Here, n is the number of nodes and d is the average degree of
a node in the network. K denotes number of communities. I indicates Chernoff
information in (1.1). The specific one for community detection will be defined
in (3.7). o(1) is some eventually positive sequences converging to 0.

e~ Dax (volle1) (1.2)

TABLE 1
Comparison with existing results.
paper density symmetry minimax error algorithmic error
[37] not needed yes not derived exp(—Cnl), (C < 1)
[4] O(logn) yes not derived o(1/n)
(35] not needed yes exp(—(1+o(1))nl) | exp(—(1—o(1))nl)
] O(/m) o | Q(exp(—nD)/d<%) | Olexp(—nl)/Vd)
This paper | not needed yes Q(exp(—nl)/Vd) O(exp(—nI)/Vd)
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Some features or assumptions of the problem are described as follows. Density
indicates the average degree of a node. Symmetry means the paper assumes
that the network is an undirected graph. Community detection on symmetric
network is usually more difficult since half edges are duplicated. Minimaz error
rate can be considered as fundamental limit of community detection problem.
Algorithmic error rate are the theoretical guarantees of feasible algorithms.

Block partitioning skills introduced in [37] generate enough independence be-
tween different steps of their algorithm. However, the last local update can only
be applied on half of dataset, so the error rate is much higher than exp(—nlI).
Algorithm derived in [35] has error rate similar to the minimax error rate in [36],
but the ratio between upper and lower bound has order exp(o(1)nI), which can
be arbitrary divergent sequence. The analysis in [4] focuses on the density regime
O(logn), but it cannot generalize to other densities. To achieve an optimal er-
ror rate, the algorithm in [6] allows twice local update. However, their approach
cannot extend to undirected network. We will combine different existing tech-
niques and propose a new algorithm that achieves the minimax error rate (up
to a constant).

We summarize the contributions of this paper as follows:

1. We investigate the rate optimal Chernoff upper and lower bound for Bayes
error probability.

2. Considering certain parameter space, we propose the second-order asymp-
totics for minimax lower bound for community detection in SBM.

3. We provide a feasible algorithm which guarantees to achieve the minimax
lower bound up to a constant factor.

The rest of the paper will be organized as follows. We introduce the Chernoff
type upper and lower bound in Section 2, then we present our minimax lower
bounds and the provable community detection algorithm with its analysis in
Section 3. Simulations will appear in Section 5. Proofs of Theorems and corol-
laries in Section 2 will appear in Section 6. Proofs about minimax error rate
and consistency of community detection can be found in Section 7.

Here, we briefly introduce the notations will be used in this paper. [n] is
the set of integers from 1 to n, ie., [n] = {1,2,...,n}. A random variable
X ~ f means X has probability mass function or density function f. a,, < b, or
equivalently a,, = O(b,,) holds if there exists a constant C' such that a,, < Cb,
for sufficiently large n. If a,, < by, and b, < ay, then a, < b,. a, = o(1) means

an converges to 0 and nonnegative for sufficiently large n. Furthermore, we use
a Vb and a Ab to denote max(a,b) and min(a, b) respectively.

2. Rate optimal Chernoff upper and lower bounds

We will introduce a fundamental testing problem under a Bayes setting, then
present a new Chernoff type upper and lower bound of Bayes error probability.
We will also introduce its application exponential families.



Chernoff bound and community detection in SBM 1305

2.1. Symmetric hypothesis testing

We will define a symmetric hypothesis testing problem and its Bayes error prob-
ability. Let ¢o; and ¢1; for j € [n] be two sequences of measurable PDFs for
one-dimensional real random variables. Same results hold if they are PMFs, but
we only consider PDFs for brevity. We assume for every j € [n], ¢o; and ¢1;
are defined on the same measure space (£2;,%;, it;). Let us consider the product
measure space (£, X, 1) defined by

D= x--xQ,, E=%® 0%, and p=p X - Xpu, (2.1)
and measurable PDFs
0 (z) =@ (T1,...,2pn) = H ©.;(x;) for z € {0,1}. (2.2)
j=1

Furthermore, we denote the Kullback—Leibler divergence of 1 from ¢g by

Diw(poll 1) = / oolog 2.
Q Y1

We assume both Dk (¢oll¢1) and Dkr(¢1¢o) exist, which implies [, (¢o +
<p1)|1og %}d,u < oo. In particular, it requires g and ¢; to have the same
support, and take different values on a set with non-zero measure. For a pair of
density functions satisfying these conditions, we say

(po, 1) € F(, X, i, n). (2.3)

Now we randomly draw a number z € {0, 1} with equal prior probability 1/2. We
note that the following arguments about the rate optimal Chernoff bound still
hold as long as the prior probability is nondegenerate, but we assume equiprob-

able for simplicity. Then we draw a random sample X = (X3,...,X,,) where
X; ~ ¢.; independently. We aim to recover the label z given the observation
X =2 = (21,...,z,). For any estimator % := 2(x) of z, we define the Bayes

error probability, also called Bayes risk, given by

z€{0,1}

Due to the Neyman-Pearson lemma, the Bayes estimator, which is known to be
the best estimator in the measurement of Bayes risk, is given by

Z:=arg max @,(x).
g max ¢ (2)

In the rest of this section, we let 2 be the Bayes estimator. The Bayes error prob-
ability is closely related to total variation affinity between g and 1, denoted
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as 1(vo, ¢1), which will be defined as follows:
n(wo, ¢1) = /Qmin(QOm ©1)dp

= / wol{po < <p1}d,u+/ o11{p1 < po}du = 2R(Z2, 2).
Q Q

The naming of total variation affinity comes from the fact that

n(po, 1) =1 — Drv(wolle1), where Dyv(poller) 512111;‘/800*<P1dﬂ‘-
S A

Here, Drv(¢o]|¢1) is the total variation distance. Now we can focus on the total
variation affinity and express it as

n(po, 1) = /Q min (o, ©1)dp = /Q @0 @ min(1*,1*")dp, (2.5)

where | = ¢g/¢1 is the likelihood ratio defined pointwisely on €. This ratio is
well defined since we assume that ¢y and @1 have the same support. We observe
that o~ ¢ is a PDF on Q up to a normalizer and min(I,1%~!) is a real valued
function on €2, so it would be convenient to express 1(@g, 1) as an expectation.
For e € (0,1), we define PDF

o lx) = o)™ <p1(x)aeD”(*”0”*"1),

o (2.6)
where D (polle1) := — log ; Yo “prdu.

We call D, (poll¢1) the Chernoff a-divergence between o and 1. We also
define a real valued function, which will play an important role in the analysis
of the higher-order term:

Jo iR =R,  go(z) := exp[min(az, (a — 1)x)] = min(e®®, @), (2.7)

Then by direct calculation from (2.5), we have

(o, 1) = e’Da(“"(’”‘m/ o min(l*, 17 1) dp
Q
= e PeolleVBy  [ga(logl(Y)].

We note that since go(z) < 1, we always have Ey ., [ga(logl(Y))] < 1, which
implies e~ Pe(0ll¥1) is an upper bound of 1(wg, ¢1). In (2.8), Y := (Y1,...,Y,)
is a random vector with independent elements on the product space €2, and one
can observe that

(2.8)

d—a, o Dy(po; i
Y} ~ QPoj = (lDOj eje o OJH‘PM),

o (2.9)
where D (¢ojll¢1;) := —log P ©15dH;-

J
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Let I; = @oj/¢1; and Z; :=logl;(Y;), then we can decompose logi(Y’) as

Jj=1

logl(Y) = f:log L) => 7. (2.10)
j=1

log(Y) is indeed the sum of independent random variables, so it is approxi-
mately normally distributed under some regularization condition, which will be
specified in the following theorem. Obtaining normal approximation from the
Berry-Esseen theorem (Theorem 6.1), we have the following result.

Theorem 2.1. We consider the PDFs or PMFs (@, p1) € F(Q,%, u,n) defined
in (2.3), and recall the definitions of ¢, in (2.6), go in (2.7), ©a; in (2.9), Yj,
lj = wo;/p1; and Z; =logl;(Y;). Let

* D Y, d o N Var|Z i
o i=arg max Da(pollpr), Yi~ @acjs and - 0p = (E; wiz)]) .

If Z;’L:I E|Z;]® < Cing2, then there exists constant Cy which only depends on
C4 such that

Cs
Vnon(l —a*)a*’

Furthermore, there exist positive constants Cs and C4 which only depend on C4,
such that, if /no,(1 —a*)a* > Cs, then

Ey iy [gax (logl(Y))] <

Ey g (9o (logl(Y))] =

As a direct consequence of (2.8),
C(4 < CQ
\/ﬁ&na*(l 704*) - \/ﬁc_rnoz*(l *OL*)

where Do (pollp1) is the Chernoff information defined in (1.1). By (2.4), same
upper and lower bound hold for 2R(Z, z).

e~ Dax(poller) < (o, ¢1) e—Da*(sﬂoHsﬂl),

Remark 1. A possible (but not necessarily optimal) choice of Co,Cs and Cy
can be Cy = 1+ 0.28C;, C3 = 2V [2(0.56C1)%/2 exp(—v/21C})] and Cy =
exp(—2(0.56)v/27C1)/30. The gap between Cy and Cy vanishes when we ob-
serve samples with normal distribution, but a positive gap exists in general,
e.g., for Bernoulli distribution. We will be demonstrate this fact empirically by
simulation in Section 5.

Remark 2. The names of Chernoff information/coefficient/divergence in this
paper are according to the survey [38]. The Chernoff information indicates the
Chernoff a-divergence with « = o which mazimize Do (poll@1). We are not
going to calculate the exact value of o in this work. Dos( - || - ) represents
the Chernoff information, and «* might be different for variant inputs. o* in
Theorem 2.1 is unique since we assume o and @1 are different on a set with
positive measure.
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To gain better understanding of Theorem 2.1, we will introduce a corollary
of the i.i.d. case. Under the assumption of i.i.d. sampling, some quantities in
the theorem become constants. Since many existing results only consider i.i.d.
cases, the following corollary will be helpful for comparison.

Corollary 1 (i.i.d. case). Let (goén), ap:(ln)) € F(Q, X, u,n) be sequences of PMFs
or PDFs satisfying for z € {0,1}, cpg")(x) =11, @:(z;) for fized @, then

n) (n 1 b (a3
M%%dhxvﬁ Do (Bollr)

Proof. Under the assumptions, E[|Z; %], &, and a* are constants only depending
on g and @1, so the assumption »27_, E|Z;]? < no? is satisfied. Moreover, we

have Do (" [017) = nDo (@oll@1) and by =< i Vign(1-a")a"
is sufficiently large as n increases. Hence the result holds by Theorem 2.1. [

Comparison with existing results The Chernoff type lower bound can be
traced back to early literature. [2, Theorem 5] produced the following lower
bound for Bayes risk, namely

1 * o
R(%,z) > Zmin(e_a Vin e=(1=a)Vnan o =Dax (voller) (2.11)

Since min(e=® Vnon e=(I=af)vnom) « m, (2.11) is strictly weaker
than the result in Theorem 2.1. This lower bound has been applied to the Bayes
risk of quantum hypothesis testing, such as [8]. For the i.i.d. case, Dy« (¢ol¥1)
has been shown to be the best achievable exponent [39, Theorem 11.9.1] and it
is restated in [7, Theorem 2.1] as follows:

1 (n) (n)y _ 50ll3
Jim ~logn(pg”, ¢1") = ~Da- (o]l #1),

under the same conditions as Corollary 1. This result can be obtained from
Corollary 1 since the exponent of n(@g, 1) has the form log U(SD(()TL)#PYL ) =
—nDqy+(@ol|$1) — 31logn 4+ O(1). The logn term was investigated in [40], and
applied to hypothesis testing problem in [4, Lemma 11]. However, the result can
only be applied to Poisson distribution when the samples are i.i.d. in a fixed
setting &, = 105 ™. If the samples are not identical, their lower bound is not
valid. The authors of [6] generalize the result to other setting; however, their
bounds cannot be applied to the case when observed data are not i.i.d. Poisson.
Therefore, neither of them proposed a minimax lower bound that matches their

algorithmic error rate in community detection problems.

2.2. Application to exponential families

With a concrete expressions of ¢g and ¢, we can write the Chernoff type bound
in Theorem 2.1 with a closed form up to a constant factor. In this section, we
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are interested in exponential families with PMFs or PDF's of the form
p(w:6) = h(w) expldT T(x) — A(6), (2.12)

for z € Q) and # € ©. We assume the parameter space O is a convex subset of
Euclidean space and A is a smooth function on ©. Let {¢.; : z € {0,1},j € [n]}
belongs to an exponential family. To be more specific, we assume that there
exist parameters 0,; € ©, z € {0,1},j € [n] such that

pzi(xj) = pla;0:5) = h(z;) expl0;T(x;) — A0:))- (2.13)

We still define ¢ and ; as in (2.2) on some measure space such that (g, ¢1) €
F(Q,3, u,n) (see (2.3)). Let us define 6,, := (1 — a)bo; + ab;, then 6, is a
valid parameter since we assume the parameter space © is convex. The Chernoff
a-divergence has a close form:

Da(‘POjH‘Plj) = (1 — Oé)A(HOJ) + aA(Hlj) — A(GO[]) (214)

See Section 6.2 for derivation of the last equation. Suppose Y; ~ @45, then
using the definition of Z; in (2.10),

Zj =1ogl;(Y;) = (0o — 615) ' T(Y3) — A(boy) + A(61;)- (2.15)

We have Var[Z;] = (0p; — 61;) "H(A(0a+;))(00; — 01;) where H(A(F)) is the
Hessian matrix of A evaluated at 6. Now we can establish a corollary when
©~;’s belong to exponential families.

Corollary 2 (exponential family). Under same assumptions in Theorem 2.1,
we assume @,;’s have the form (2.13), and let

o= (> an variz)) " = (1 znj(eoj — 01) TH(AG-)) (00, ~ 01)))

Suppose Z?zl E|Z;]3 < C1nd2, using the same constants Cz,C5 and Cy in
Theorem 2.1, then

C. s ot Ao N .
77(%00,501) S (\/ﬁa. (1 2_ a*)a*e Zj:l[(l )A(00_7)+ A(01_7) A(Ga J)])

If Vno,(1 — a*)a* > Cs, then we have

C N et VAt A A6
(o, 1) > (\/ﬁa (lia*)a*e Y 7al(1-a") A(Bo;)+a" A01;)~A(0a m).

2.3. Application to Bernoulli distribution

We are going to investigate a specific exponential family. Let p,; € (0,1) and

6.; = log (%) for z € {0,1},j € [n], and define PMFs of Bern(p.;):

Pzj, lflev

@zj(x) == @(x;055) =1 —pyy, ifa=0,
0, otherwise.
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It coincides with (2.13) if we let A(6) = log(1 + ¢%), T(xz) = x and h(z) =
Lio,13(), ie., @zi(x) = h(x)exp[QZTjT(x) — A(0;)]. Let us briefly recall the
testing problem in Section 2.1. We randomly draw a number z € {0,1} with
equal probability 1/2, and draw a random sample X = {X;,..., X} where
X; ~ Bern(p.;) independently. As usual, we want to recover z given X = x €
{0,1}"™. Then we have

e~ Dalpoller) — H[p(l);ap[fj +(1- poj)l_a(l —p1;)%). (2.16)
j=1
Pé;ap?j
Po; P +H(1—poy) —* (1—p1;)™
Theorem 2.1, then we have

and recall the definition of o* and &, from

Let po; =

o\ POj(l—Plj)}Q
no, = log ————5| pori(1 —parj)- 2.17
7= 3 [t ] pens (1 =) (2.17)

Poj (1—p1;)
logm < (1, then

there exists constants Cs,C3 and C4 which only depend on C7, such that if
Vnopa*(1—a*) > Cy, then the upper and lower bound of n(vo, p1) = 2R(Z, 2)
in the theorem holds.

Now let us apply Theorem 2.1. Suppose max;¢[y)

Finally, it is worth mentioning a special case when p,; = --- = p,,, := p, for
z € {0,1}. Let ¢, (z) be the PMF of Bin(n,p,). Then one can check that
(o, ¥1) = n(po; 1) (2.18)

This is due to the fact that, given the observed data x, the optimal test only
relies on the minimal sufficient statistic Z?=1 x;. This observation can generalize
Corollary 1 to the cases when only the sufficient statistic, which is the sum of
i.i.d. random variables, are observed. For example, one can apply Corollary 1 to
Bayes error probability of Poisson parameter testing by the fact that a Poisson
variable is the sum of multiple i.i.d. Poisson variables.

Calculation details in this section will appear in Section 6.4 to 6.7.

3. Community detection in the stochastic block models

The results in Section 2 can apply to many clustering and classification problem
in statistics. A typical example is community detection in the stochastic block
models (SBM). Given some good estimates of the parameters, community de-
tection is indeed a classification problem. Hence the clustering error rate of the
label estimates heavily depends on the Bayes error probability.

3.1. Background of stochastic block models

We will focus on a network which can be represented by a symmetric adjacency
matrix A € {0,1}"*", where the nodes are indexed by [n]. We assume that
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there are K communities on [n], and the membership of the nodes are given by
z € [K]™. Thus z; = k if node ¢ € [n] belongs to community k& € [K]. We let
ng = |{i : z; = k}| be the size of kth community. Under the assumptions of
SBM, given a symmetric connectivity matrix P € [0, 1]5* X

Aij = Aji ~ Bern(P;, ;) for all i > j independently, (3.1)

and A;; = 0 for all ¢ € [n]. That is, the connectivity of nodes only depends
on their memberships, and there are no self-loops. A fundamental task of com-
munity detection on SBM is to recover z given A and K. For consistency of
notation with Section 2.3, we define

Prj = Prz, for ke [K],j € [n]. (3.2)

In other words, if z; = k, E[A;;] = pr; whenever j # i. Thus, the vectors py.
and E[A;.] are the same at all entries but the ith one. When n is large, the
effect of one entry is merely a constant factor. Here pr. = (pk1,- .., Pkn), and
similarly A;. is the ith row of A. This notation will be used in the rest of this
paper. We will consider the parameters satisfying

maxp ¢ PM
max Py :=p*<1—¢, and ———

< 3.3
k. mink%/ Pk/él v ( )

n  fn
e € [ )
for some fixed constants K, § > 1, € (0,1), and w > 1. § controls the balance
between different communities. There are no too small or too large communities.
All connectivity probabilities are bounded above by 1—¢, which is a mild sparsity
assumption.

For estimate Z of z, we are interested in the misclassification rate defined as

n

1
Mis(2,2) = min — (2 ; 34
(2.2) = 1) # 5} (3.4)
where G is the symmetric group which contains all permutations of [K] and
the permutation 7w will apply entrywisely on the label vector Z.

3.2. Fundamental limit

Let us first consider a simplified symmetric hypothesis testing problem in SBM.
In the community detection problem described in the previous section, only the
adjacency matrix A and number of community K is given. Now suppose addi-
tionally, we know z_;, i.e., all the labels but the ith one, and the connectivity
matrix P, our goal is to recover z;. To further simplify the problem, we assume
z; € {k, ¢}, then the hypothesis problem becomes comparison between the pa-
rameters pg« and pg, defined in (3.2). Since the distribution of Bernoulli vector
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A, can be characterized by pg« if z; = k, we will write

Da(peIpe-) = D (@) Bern(pe, ) | Bern(pey) )
j=1 j=1
. . (3.5)
and  N(Pgs, Pes) = 77(® Bern(p;), ®Bern(pgj)).
j=1 j=1

which also denote the same quantities if we input the corresponding PMF’s. Sub-
stituting pg. and p1. with pg. and pg. in Section 2.3, and using the assumptions
about SBM in Section 3.1, we have the following lemma.

Lemma 1. Given adjacency matrix A and parameters K, z_; and P, and
knowing that z; = k or £ with probability 1/2, then Bayes estimator 2;

Zii=arg max 2. Aijlogprj + (1 — Ayj) log(1 — pry)

satisfies P(2; # 2;) = $1(prs, pes). Assuming (3.3), there exists a constant C
only depending on B,&, K and w such that, if np* < C(Dyx (prs||pes))?, then

Prj (1 — pej)

pei (1 — prj) >_1 exp(=Da (Pr=[|pe+))-

P(z; # z) < ( np* max
j€ln]

log

Now we will derive a minimax lower bound of community detection problem.
We will consider the following parameter space:

O(n,K,p,q) := {(Z,P) P e (0,1)5*5 P=PT Py >p,
(3.6)
Pre < qif k # {,prj = Pyz,, and (3.3) is satisﬁed}.

Theorem 3.1 (minimax lower bound). We define

= —#loglypg++/ (1 -p)(1-9q), FK=2 (3.7)
— ¢ log[ypa ++/(1—p)(1 —q)l, if K>3. '

If p > q and nI% > Cp for some C only depending on B,e, K and w, then

p(1—q)
q(1—p)

The proof will appear in Section 7.3, which is inspired by [36]. Compared
with the minimax lower bound in [36], which states

inf sup E[Mis(%,2)] 2 (\/%log )_1 exp(—nlk). (3.8)

? O(n,K,p,q)

inf  sup E[Mis(2,2)] > exp(—(1+ o(1))nlk),

# O(n,K,p,q)
Theorem 3.1 specifies that the o(1) term is of the form
1

1 p(1—q)
o (5 log(np) + log log m) (3.9)



Chernoff bound and community detection in SBM 1313

Considering the case p/¢g — ¢ > 1 and np — o0, the higher order term

q(1-p)
requires extra effort to find an algorithm achieving this sharp lower bound.

Remark 3. The condition nl2 > Cp is not required in [36], but it is needed
in this theorem due to a technical reason. Essentially, the lower bound in Theo-
rem 2.1 requires the condition \/ng,(1 —a*)a* > Cs for some sufficiently large
Cs. The corresponding condition nlz > Cp in community detection scenario
1s needed due to Lemma /4. In other words, the prefactor (,/ log (= p))

in (3.8) is valid only if it is small enough.

1
(‘/ plog B (=g ) = (np)*l/ 2 converges to 0 as average degree increases. It

3.3. Algorithm achieving the minimax lower bound

Our algorithm is inspired by the pseudo-likelihood approach in [34]. We define
an operator to estimate P given adjacency matrix A and estimated labels Z:

_ i AulE =k 2z =0

B(A, 2) := (Pye) € [0,1)K, Py, NETEEE—y (3.10)
We will also use likelihood ratio classifier defined as follows:
L(AP,2) = (2) € [K]",
2; = arg max A;jlog szj + (1 — A;j)log(l — Pkgj). (3.11)

ke[K ]j#

Note that we can apply these two operators on submatrices of A with the cor-
responding indices if needed. This is an EM-type algorithm if we repeat (3.10)
and (3.11) iteratively, i.e., (3.10) is the expectation step and (3.11) is the maxi-
mization step. As pointed out in [6], it requires at least two iterations of EM-type
update to achieve the optimal error rate up to a constant. To generate enough
independence between iterations, we combine the block partition method in [37]
and “leave-one-out” trick in [35]. It is worth noting that besides the dependence
between A and Z in E(A,P, Z), other dependence can be handled by uniform
bounds. Details about Algorithm 1 will be describe as follows:

Step 3 to 4: We apply spectral clustering on the whole adjacency matrix.
However, we will only use its output in the matching step (step 9) and approx-
imate an initial estimate P of P. The dependence between P and A can be
handled by uniform bounds.

Step 5: This is the block partitioning trick. Data in different blocks will be
used in different steps to acquire independence.

Step 6 to 7: This is the “leave-one-out” trick. In each iteration, we only use
the data of the jth node in step 12, so the last likelihood ratio classifier will be
independent with other steps in the for loop.

Step 8 to 9: We apply spectral clustering on two of the subblocks. Although
the labels from spectral clustering have consistent misclassification, but the cor-
responding optimal permutations in (3.4) are not necessarily the same in gen-
eral. This issue can be solved by step 9. After the matching step, the new label
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Algorithm 1 Community detection

1: Input: Adjacency matrix A, number of communities K.

2: Output: Estimated labels Z.

3: 2+ SC(A4,K).

4: P+ B(A,3).

5: Let I C [n] with |I| = [n/2] be a random subset of indices. Let J = [n]\I.
6: for j =1 ton do

7 I/ «— I\{j}, J' « J\{j}‘

8: <—SC(AI/X1/ K) Z <—SC(AJ/><J/ K)

9: 2}, — MATCH(zI/,zI,) "1 <= Marcu(Z/, £,).

10: (—ﬁ(AI/X]/ P,Z ), &,(—E(A‘]/XI/ P,Z,).

11: z <_(Zz721/7 J,) P« B(A,Z).

12: 25 HE(A]*,P Z').

13: end for

14: function SC(A, K)

15: Apply degree-truncation to A to obtain Are.

16: Apply SVD on Are so that A;e = USUT . Let ) contains top K singular values on the

diagonal and U contains corresponding singular vectors.
17: Output the K-means clustering result on the rows of Us.
18: end function
19: function MATCH (Z, z)
20: Z ¢ argming sy es, 2oy H2zi # m(2:)}
21: Output 2.
22: end function

vector 2’ has the same permutation as Z when computing the misclassification
rate. This fact will be clarified in the proof. Note that although Z depends on A,
Z}, and Z’;, only depend on the corresponding subblocks as long as the spectral
clustering algorithm outputs good enough labels.

Step 10: We apply the first likelihood ratio classifier on a different subblock
using estimated connectivity matrix from step 4 and labels from step 9.

Step 11: We obtain the updated labels and estimate the connectivity matrix
by P according to the new labels..

Step 12: We update the label again according to the new P and #’ obtained
in step 11 by likelihood ratio classifier.

Step 14 to 18: A spectral clustering algorithm proposed in [22]. Details of the
degree-truncation step appears in Section 8.

Step 19 to 22: A matching algorithm finding the optimal permutation between
labels. A linear assignment algorithm with computational complexity O(K?) can
find the exact solution of Z [41].

The following block matrix might help understand the partitioning of adja-
cency matrix A in the algorithm.

0 AjX(I’UJ/) 0 2nd LR (Step 12)
2nd SC | 1st LR
(step 8) | (step 10)

1st LR | 2nd SC
(step 10) | (step 8)

Apxr | Apxy

Apsr | Ay




Chernoff bound and community detection in SBM 1315

Note that “ : ” represents the block A]TX( gy We can see that the second
spectral clustering and both likelihood ratio tests are applied on different blocks
of the adjacency matrix, so we do not need to worry about dependence between

steps. Now we present the theoretical guarantees of the output of Algorithm 1.

Theorem 3.2. Let us assume (3.3) for some fized constants B,w, €, and K.
We also briefly denote D* := mingzy Do= (Do ||pex) and 0™ = maxye 0(Pix, Dex)-
There exists constant C' only depending on 3,e, K and w such that, if Cnp* <
(D*)2, then the output 2 from Algorithm 1 satisfies:

(a) If D* < 2logn, then E[Mis(2, z)] = O(n*).
(b) If nn* = o(1), then 2 achieves exact recovery with high probability, i.e.,
P(2=2)>1-o0(1).

Moreover, n* in (a) can be replaced by

Prj(1 = pej)
pei(1 = prj)

Case (a) and case (b) in the theorem have described all situations in the
model. Case (a) assumes D* < 2logn, and if D* > 2logn, it is easy to check
that nn* = o(1) with the help of Lemma 1.

Theorem 3.2 immediately implies the error rate on the parameter space
O(n, K,p,q) defined in (3.6) by considering the least favorable submodel. Tt
shows that the misclassification error of our algorithm is rate optimal in this
parameter space. We summarize this result in the following corollary.

Corollary 3. Recall Ik in (3.7) and suppose it satisfies /Cnp* < D* < 2logn
for the constant C' in Theorem 3.2, then the output Z from Algorithm 1 satisfies

)71 exp(_Da* (pk:* ||p€*))

max( np* max | log

k£ jeln]

. p(L—q)\~!
sup E[Mis(Z,2)] < (/nplog —= exp(—nlg).
O(n,K,p,q) [Mis(2, 2)] ( & q(1 - p)) ( x)

Remark 4 (Comparison with existing results.). We have already compared
some results in literature. Here, we will summarize the novelty in details.

1. Existing papers either consider the asymptotic behavior of optimal com-
munity detection in general undirected or bipartite SBM [6] or symmetric
assortative SBM [37, 35, 42]. We extend the algorithms to general SBM.

2. We apply twice local updates (likelihood ratio tests) on symmetric adja-
cency matriz in our algorithm. It is also possible to apply multiple times
by partitioning more blocks. Although multiple steps of local updates are
allowed in [43] by variational inference, data splitting method for initial-
1zation is required and lacking in their algorithm.

3. By the new Chernoff bound introduced in Theorem 2.1, we provide sharp-
ened minimaz error rate and tight misclassification rate for our algorithm.
In particular, we replace the uncertain term exp(o(1)nly) in [36] by an
explicit expression. Although a high order term is also discovered in [42],
their result only applies to assortative SBM with K =2, P;; = Pio =p >
Po=Py1=qandp=<qx lo%, Our algorithm applies to general SBM.
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4. In a more general setting than [42], the authors of [21, 32, 33] consider
K =2,P;1 = Py =p > Pio = P1 = q and their algorithms can achieve
error rate exp(—(1 —o(1))nlz), where Iy is defined in (3.7). In particular,
the term o(1) can behave like O((nly)~Y/2) in [32, 33]. The error rates in
these work is not as sharp as the result in Corollary 3 because D* = nl,
in this setting and our theorem shows the error rate can be as sharp as
exp(—(1 + o(1))nlz), where the o(1) term is of the form (3.9).

5. When considering the error rate in Corollary 3, the condition Cnp* <
(D*)? is not required in [21, 32, 33]. However, this is due to the fact
that they consider a simpler model. Under the same setting, if we use
the error rate proposed in these works for our initialization steps, e.g.,
step 8 in Algorithm 1, then the condition Cnp* < (D*)? can be removed in
Corollary 3. However, we have not found the generalization of the results
in [21, 32, 83] to the cases when K > 2 with sharp enough error rates, so
we still require the condition Cnp* < (D*)? in our theorem.

4. Discussion

We discuss some possible extensions and future works in this section.

4.1. Rate optimal Chernoff bound for quantum hypothesis testing

The Quantum Chernoff bound has been shown to be the upper [44] and lower [7]
bound of symmetric quantum hypothesis testing. In the proof of Chernoff lower
bound, the authors reduce the problem from quantum setting to classical prob-
ability space, and apply classical Chernoff bound. Hence, the second-order term
in Theorem 2.1 can apply to lower bound immediately. However, its application
to Chernoff upper bound is more technical.

4.2. Simplified feasible algorithm for community detection

It was pointed out in [35] that the “leave-one-out” trick is not necessary in
practice, so it only requires a single spectral clustering. See Algorithm 3 in their
paper. However, they cannot provide theoretical guarantee for this simplified
algorithm. To the best of our knowledge, considering general SBM, there is
no algorithm with finite number of global method (either spectral clustering
or semidefinite programming) can achieve the error rate in Theorem 3.2. The
idea of “leave-one-out” can be generalized to leave more than one out [42], but
minimum number of global methods still grows as the number of nodes increases.
With the assortativity assumption, a concurrent work [32] shows that in
the simplest SBM setting, i.e., K = 2, Pj; = Py = p > Pio = P51 = ¢, a
semidefinite programming approach can achieve a sharp error rate of the form
exp((1 — o(1))I2), where I is defined in (3.7). With such a tight error rate in
the initialization step, it only requires one step of global update the achieve the
minimax lower bound in Theorem 3.1. However, the “leave-one-out” step is still
required, and their method does not apply to general SBM, e.g., when ¢ > p.
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5. Simulation

We will show that, in some asymptotic setting, the Bayes error probability con-
verges with a rate expected in Theorem 2.1 by simulation. Since the exponent of
the error rate has been well known, we will focus on the second-order asymptotics
in our experiments. Let us consider Bernoulli distributions analyzed in Sec-
tion 2.3. Let po1 = po2 = *** = Pon = Pi(nt+1) = Pi(nt2) = " * = P1(2n) = 0.5,
and p11 = P12 =+ = P1n = Po(n+1) = Po(n+2) = = Po(2n) = 0.45, i.e.,

pos = (0.55,0.55, ...,0.55,0.45,0.45, ..., 0.45);

n times n times
p1. = (0.45,0.45,...,0.45,0.55,0.55, . . ., 0.55).
n times n times

Now we consider the Chernoff a-divergence. The optimal a* in Theorem 2.1
is 1/2 by symmetry. Using the notation in (3.5), by (2.16), we have

e~ Dar(poulipr) — (21/0.55 - 0.45)%".

By (2.17) with some details in Section 6.4, we have

2n
0.552 2
no? =Y <log W) 0.5(1 — 0.5) = n.
i=1 '

By Theorem 2.1, we expect

1
N(pos, P1x) = —=(2/0.55 - 0.45)%".

n

Or equivalently,
ap, :=10g N(pos, p1+) — 2nlog(2v0.55 - 0.45)

asymptotically behaves like —% logn 4+ C. We can also think of pg, and pi. as
the parameters in (3.2) associated with SBM with community sizes ng = ny =n
and connectivity matrix
0.55 0.45
p:[ ]

0.45 0.55

By Theorem 3.2, we expect
by, == log(2 - Misclassification rate) — 2n log(2v/0.55 - 0.45)

also tends to —% logn + C'. Note that 2 comes from the fact that n(po«, p1«) =
2 - (Bayes error probability) would help the simulation scale better. We will use
the true Bernoulli PMF to compute 1(po«, p1+), then find the misclassification
rate of Algorithm 1 and compute b,,.
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——a
0.5 ——b
- = -0.5%log (2n)+C

log(error rate/Chernoff coef.)

Fic 1. Second-order asymptotics of an and by,.

1 1
—_ I —a —_ —a
= i n i - n
] 057 ~ — -0.5%log(n)+C1 g, ~ — -0.5%log(n)+C1
o \«\ — — -0.5"log(n)+C2 o — — -0.5*log(n)+C2
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n n

Fia 2. Second-order asymptotics of Bayes probability error.

From Figure 1, we observe that n increases, both a, and b, behave like
—% log n + C for the same constant C. For smaller n, the misclassification rate
is large since initialization in Algorithm 1 is not accurate enough; however, b,
becomes stable when n gets larger.

Another interesting empirical result we want to show by simulation is that,
there is a gap between the constants Cs and Cy4 in Theorem 2.1 in general. We
let po« =0.3-1, and p1, =0.7-1,, i.e.,

pox = (0.3,0.3,...,0.3) and pr. = (0.7,0.7,...,0.7).
—_— —_—
n times n times

By symmetry, we have a* = 1/2, so

1
1(Pox, P1+) < %(2\/0.3 0.7)".

Again, we let a,, = log n(po«, p1+) —nlog(21/0.3 - 0.7). The following plots shows
the behavior of a,,. They are plots of a, in different ranges of n. Although a,
asymptotically behaves like —% logn, it oscillates up and down until infinity.
This simulation result empirically shows that, a, + % log n does not converge to
any constant for such pg, and pi..
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6. Proofs of Section 2
6.1. Proof of Theorem 2.1

Lemma 2. We recall o = argmaxae(o,1) Da(ollp1) and Y ~ @q- from the
assumption of the theorem, then Ellog{(Y ] =0.

Proof. By definition of Y, we have
Eflogl(Y)] = / Par logl(y)dp(y) = e o (#ollen) / a3 log dp
Q Q #1

We recall that we assume the Kullback—Leibler divergences D1 (¢ol|¢1) and
Dxr(@ollp1) exist, so for a € (0,1), |og™ “log ‘ < ‘ o + 301)10g ’ is
integrable. By the mean value theorem and the dommated convergence theorem

o0 d o d o @
/ o "t log *du =— | ——wp “efdu= *f/ ¢o “pidp.  (6.1)
d da Q

Since o = —o ()11 (x)* is convex for z € Q, o — — [, 0o~ Y pSdp is also
convex, and it is indeed strictly convex if oy # @1 on a set with nonzero measure.
Therefore, D, (poll¢1) achieves maximum if and only if % Jo 0y Y pdp = 0,
which is true if we evaluate at o = o*. Hence E[log!(Y)] = 0. O

Proposition 1. Let ® be the cumulative distribution function of standard nor-
mal distribution, then for x > 0,

1 1 2/ 1
— -5 < Vore® 2®(—z) < — (6.2)
and
3
z? /2 _1 > r
e (@(x) 2) >+ (6.3)
In particular,
1 1 223
dz)> =+ — (o — ). 6.4
@25+ —=(r-%) (6.4)

Proof. For x > 0, we have divergent series expanded at oco:

- (2 —1)! 1 1 1 3 15
2?/2 _ = L _ 4,2 _ 2
V2me® 2P (— x+; 2112_1 G, @t Tt

which implies (6.2). We also have the power series expanded at 0. Let m!! =
1-3----- m for odd integer m, we have

2141 3 5 7

2 1 =z T T
2 I/Q (b _ = = _—_— = —_— —_— D uEE— -
v.ene ( (z) 2) ;(ZH—I)!! Tty tystysat

ol B
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which implies (6.3). Then we expand e=e"/2 (x + 2—3) and have
67I2/2<$—|—x—3)— _2i3_|_7i5_
3/ 330 7
Then we obtain (6.4). O

Lemma 3. Recall from (2.7) that go(z) = exp(min(azx, (o — 1)x)). Suppose
Z ~ N(0,0?), then

1 1 1
V2roa(l — a) - V2ro3a3(1 — a)3 < Elga(2)] < V2roa(l —a)
Proof. We have

Elga (2)] = Elexp(min(aZ, (o — 1)Z))

1 0
:2—/ e ezzdx—I——/ ((”16202da:
o J-

2a?/2  (z—oZa)? eo (1- )?/2 (== 62(1 a)?

= e 202 dpx + —— e 202 T
2ro /_oo V2ro 0

02;2)(1)(—004) + exp (M)@(—a(l —a))

:CXp(

By (6.2), we have

1 1 1
Elga(2)] = V2roa - V2ro(l - «) B 2r0a(l - a)’
and
1 1 1 1
ELga(Z)] Z 2mox a \/%0’30[3 - \/%0'(1 - a) - \/%0'3(1 - a)S
1 1

— .0
2roa(l —a)  V2ro3a3(1 — )3

Theorem 6.1 (Berry-Esseen theorem). Let {Z} ', be independent random
variables with zero means and B[y, Z?] = 0. Let F be the distribution func-
tion of >, Z;/o, then there exists an absolute constant Cy < 0.56 such that
for every x € R,

Co i EIZif°)

(@) - ®(x)| < ~0==L

(6.5)

Proof. The best upper bound of Cy so far is given by [45]. We would also like
to refer readers to see a proof by Stein’s method in [46]. |

Proof of Theorem 2.1. Let a = a*. By Lemma 2, E[}"7_, Z;] = E[log{(Y)] = 0.

Let us define 02 = =ER 1 Z3] as in Theorem 6.1. Note that o = \/n,. By
assumption Z;: E|Z;]3 < C1ng2, the distribution function F of Z 12Zj/o
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satisfies for z € R, |F(z) — ®(z)| < % where C' := 0.56C. Recall that logl(Y) =
Z?Zl Zj, we have

Elga(log (Y))] = / P(ga(log1(Y)) > 2)dz

Y slogz  logl(Y) log z
= P d
/o ( aw o ° (a — 1)0) *

- | () - P ()

< [lo( ) o s 2
20 140C/2

N 27raa(1—a)+7§cra—(|—1a)

On the other hand, for any ¢ € [0, 1],

E[ge (log [(Y))] :/OlF(( log )—F(ng>dx

a—1)o

- [loln) o) - s

Jo) - a()a -2

By Fubini’s theorem,

t t _logz
log x log x 1 a(a=1) _ 2
<I>< )—@( )dm:/— eV 2 dydz
[ oGess) =)= | 7 L v
log t

ifo( ) o ()]

The first integral in the last step can be evaluated as

log ¢ log t

1 e oo u2 (y+oa)? o242 10gt
aozyde _ T2 :QT(I)(——GOé).
vV 271' —00 v V / ’ oo

For the second integral in the last step of (6.6), we similarly have

1 > TV o2(1-a)? logt
- o(a—1)z _ <— _ _ )
e z7d e =z & o(l—a)).
V2 /a(ligtl) Y o(l—a) ( )
Assuming ca(l — ) > v27C V 2 and letting ¢t = exp[—2v27C(1 — a)a], using
a(l —a) < 1/4, we have

_logt 2\/_Ca(1 —a) <
oo VorC -

logt 1
and oo — =8¢ <oca+ =< 75004.
ox 2 4

DN =
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y (6.2) and the fact that the function L — - is decreasing on [v/3, oc], we have

[oe%
> L (‘72@2—(%—0@) ) L]
> exp E—
\/27'[' 2 Ua_lg—iat <O—Oéilz%‘t)3

1 logt 4 64
> logt — - S,
= Vor P (15 2( > ) ) [5aa 12503045}

1 64
> 2v/27C(1 — a)a — 1/8) =
2 o P a)a—1/8) [5m 125(4004)}
S exp(—2v2rC) 2\/271’0)

Soa

Similarly, we have

o212 logt exp(—2v27C) 2¢/21C)
€ Q)(a(lfoz) —0(1—a)) Z Cbo(l—a)

Hence the integral in (6.6) has lower bound

log t

1 /Ua _ﬁ e _ _ﬁ
oW dy+/ ea(a Vz—% dy
ALl e | (6.7)
S exp(—2v27C)  exp(—2v271C)  exp(—2v2rC)
- 5o 50(1-a)  50a(l—a)

Now we consider another term @(U(lzgjl» in (6.6). By (6.4), we have

‘I’<a(:g_t1)) 2 % \1ﬁ( (lo?g—tl) - §<a(fg—t1)>3)
_ 1 1 (—2\/%@(1 —a) g(—Q\/ﬂca(l — a))3)
2 \/ﬁ ola—1) 3 ola—=1)
B 1 2004 327 C3a’
o 2 o 303

and similarly the term @(logf) has lower bound

-1

logt logt 1 20(1—a) 327C3(1—a)3
oY 1> = _
(I)(Ua) cp( Ua) 1_2Jr o 303

Therefore,

logt logt 2tC
t[@((a— 1)0) 7@( aoc )] I
S 2tC 321C3a3 3 327C3(1 — )3 _2e < _327703
0 303 303 o 303
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Let us assume that oa(1—a) > 2C%/2 exp(v/27C), then we have 020?(1—a)? >
4C3 exp(2v/27C), so we have
32rC3 _ 327C3a3(1 — a)? < nC3

303 T 303a3(l—a) T 603%a3(l—a)d (68)
< 7exp(—2v/270) < exp(—2v/270) '
24o0a(l—a) ~— boa(l—a) °

We combine (6.7) and (6.8) and have,

exp(—2v27C)  exp(—2v271C)  exp(—2v2rC)
ElgaloglV))] 2 =5 =" ~ TGoai—a) ~ B0va(l—a) = °

6.2. Proof of (2.14)

Da(pojlle1) = —log /Q wo; * Phidu

J

——tog | hla)exp(l(1 — a)fo; + oty T(@) — (1= )A(0uy) ~ ad(0r)

= —log {expl=(1 = )A(60,) — A(By;) + A)] | olaito,)da )

J

= (1= a)A(bo;) + A(61;) — Aba;)-

6.3. Proof of variance of (2.15)

The variance of Z; can be directly derived from the following proposition. Its
proof is skipped for brevity.
Proposition 2. A random variable X ~ o(x;0) in (2.12) satisfies:

(a) The moment generating function of T(X), My(x)(t) = exp[A(6+t)—A(0)]

if it exists.
(b) E[T(X)] = VA(0) and Var|T(X)] = H(A(0)) where H(A(0)) is the Hes-

sian matriz of A evaluated at 6.

6.4. Proof of (2.16)

For a € (0,1), we recall 8,; = (1 — «)fp; + af1; and define
1 1
Paj =7 Fe0ai 1+ e (—a)fo;—ab;
1 B Poj P
1+ (1;£Dj)1ia<1;fj”>a oy PR+ (1= po) (= piy)e
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It is worth noting that the identity still holds when o = 0 or 1, including the
next one.

. Paj 1
eprt94 :1+€6(’7:1—|— =
(A(6ay) =

_ po; PS5y + (1 —poy) (1 — p1y)™
(1 = poj)t=(1 = p1j)™

By (2.14), we can write the Chernoff coefficient for py; and p1; in terms of pq;’s:
e~ Daleojlier;) — o= (1-a)A(fo;)—aA(01;)+A(0uys)

l—o, « 11—« a
. 4+ (1 — B 1— .
_ (1_p0j)1_a(1_plj)ap0] pl] ( 1?0]) ( pl])
(1 = poj)' ~*(1 = p1;)*

= po; Pl + (1 —poj) (1 — p1;)™.

Hence,

n

e Pateolien) — =K Polroales) — TT[phrp + (1= poy)' = (1 = p1j)°).
j=1

6.5. Proof of (2.17)

We recall the definition of Y; from (2.9), and have Y; ~ Bern(pa;). Then
by (2.15), and letting o = a*,

po; (1 — p1y)
Z; —E[Z;] = (Y; — pa+;) log ————=
1B = pei o )
with variance
(1 — )12
Var[Z;] = (0o; — Hlj)z\/ar(Yj) = | log Piog( P1;) Paj(1 = Paj)-
p1;(1 — pojs)

Summing over j € [n] of Var[Z;] gives (2.17).

6.6. The rest of proof of Bernoulli example in Section 2.3

To show the upper and lower bound, it remains to show that

max

lo
J€[n] 8

POj(lfplj)‘ <0
p1; (1 —pos) | —

is a sufficient condition of Theorem 2.1. We have

ZM‘B[(l = Paj)Pa; 4 Paj(1 = paj)’]

E[1ZI°) = |1
[1Z;1°] % (1= poy)
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poj (1 —p1j) |3
< ’10g4 Paj(l — Paj)-
plj(l _p0]> J( J)
Suppose max;¢(y | log % < (4, then

3
T j(1=p1j)
S0 EIZ P e |log B | pos(1 — py)
" Var[Z;] S (1—p1y)
i V) [toa 2= s 1~ o)
pOJ( )
< max |log———=| < C
Jj€ln] pl](l_pOJ) g

This implies 7, E|Z;|* < Cina;,.

6.7. Proof of (2.18)

We recall the definition of total variation affinity n from (2.4), and have

(o, 1) Z mm(HpO lfpo le 1fﬁ11 zy)

ze{0,1}n
= 3 min(p f(l—m)"-&:lf-aﬁ?fﬂ (1= )R )
ze{0,1}™
n n . .
=Z()mm< V(1= Bo)" Y, Y1 — 1))
y=0 Yy
:77(1/)071/)1)~

7. Proofs of Section 3
7.1. Proof of Lemma 1

It is required to check the assumptions in Theorem 2.1 are satisfied. Firstly,
we need to check that Y . E[|Z;’] < Y7, Var[Z;]. We use the notation in
Section 2.3, and replace pg. and p1. by pr« and py., under (3.3), we have

n 3 (1 — .
22:1 E“ZJ‘ ] < max | log pk?j(l ng)
> iey Var[Z;] T jem] T pej (1 — pry)

Secondly, by Lemma 5, we can remove o*(1 — ) since it is bounded below
by constant and bounded above by 1/4. Thirdly, by Lemma 4, ng2 in (2.17) is
sufficiently large under the assumption np* < C(Dgy= (prs||pes))?. Furthermore,
we need to check that ng2 can be replaced by

w
‘g ‘log—’.
€

(1 —ppi)12
P ( pej)} np*

max [log
pej (1 = pij)

J€[n]
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up to a constant factor. For all k, ¢ and j, po-; = pi;a*p?j* < p*, so we have

Pri (1 = pej) )2 Prei(1 = pej)1?
log = — 221 poi(1 — por;) < max | lo np*. (7.1
1 [ ® o (1~ piy) i ) < e [ & } 1)

n

J

Under the assumption of the block structure and (3.3), for at least ﬁiK many
i € [n],

[log Pri(1 — pei) } 2

prj(1 *Pej)r
pei(1 — pri)

= max [log
pe;i(1 = pij)

J€[n]

Combining with pa«;(1 — pa=;) > p:f, we have

Prj (1 — pej)72 Pij(1 —pej) 2 np'e
log =L — 221 5 i(1 — pori) > max | lo . (7.2

Now we combine (7.1) and (7.2) and obtain

prj (1 — pej) 12 prj(L—pei)12
log 4} Paxj (1 — paxj) < max {log 4} np*.
Z [ pej (1 — prj) i 2 j€ln] Dej (1 — prj)

Finally, by Lemma 5, we can remove a*(1 — «*) since it is bounded below by
constant and bounded above by 1/4.

7.2. Auziliary lemmas for proof of Lemma 1

Lemma 4. Under the assumption (3.3), for any Cy, there exists Ca only de-
pends on B,e, K and w such that if Do (prs||pes)? > Canp*, then v/na,a* (1 —
a*) > Cy, where 7, is defined in (2.17). In particular, we can choose large
enough Cy so that C1 is also sufficiently large.

Proof. We briefly write o = o* in this proof. We recall that

n

Da(prellpes) = —log(py; “pf + (1= pij) = (1 = pey)®),
j=1

so there exists j € [n] such that

—a, « —a a DDL Pk ||Pex
—log(pg; “p; + (1 —pry)' (1 — pey)®) > %‘)

In this proof, we briefly denote pg := py;, p1 := pe; = p1 and a := Do (pex lIpex)

n
Without loss of generality, we assume p; > pg. Then the inequality above implies

—a 1—-a _« 1—a « Do l—«
e =py P+ (L=po) *(L—p1)* =1 " +1—ps.
1
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By straightforward rearrangement, we have

1—e™ _a—ad?/2
(1 - a)log 2L > logpr —log(py — (1 - 0y > 12" > 2=/
Do P1 D1

where the second inequality is due to the derivative of log(p; + z) is at least

1/p1 on (—p1,0], and the last inequality uses the fact that 1 —e™* > z — % for
x > 0. Therefore,

We recall that we assume p; > pg, so log }:Z‘f > 0. By (7.2),

_ 2
ng2 > [log pil(l po)} np*
po(l —pl)

1 — poy 2
(log b1y log _po) np*
Po I—p

1 (1 —e ! A\ @ )2 .

> — ) np*.

(1-a)?\ m 2p1

Since we choose & = a* to be optimal, then by Lemma 5, ~——5 is bounded

' (1—«a)?
below by constant. Now it suffices to show both (ke;ﬂ and “1;5 " are
1 1
bounded below by constant. Under the assumption D« (pps||pe<)? > Conp*, by
Lemma 10 and using C¢ in that lemma,

Do+ (Prellpes) o v/Conp®
C. - c. '’

np* >
which implies np* > Cy/C2. Now we consider the first term and have

_ ,—1\2 * _ o~ 1)2
(1 € ) np > (1 _ e—l)an* > 02(1 € ) )

p? -
By choosing sufficiently large Cs, the RHS is sufficiently large. For the second

term, we recall a = % and the assumption that p; < p*, so

a’np* _ Do (prs|pes)*np* S De,(prs ||pes)? S &

4p? 4n2p? - 4np* T4

This term is also sufficiently large by chosen a big enough Cs. O
Lemma 5 (Bounds of a*). Under the setting in Section 2.3, suppose

Poj |, P1j

max (
P1j;  Poj

) <w,max(po; V p1;) <1—¢ and o = arg max_ D (po«||p1+)
jeln] Jj€ln] acl0,1]

forw > 1 and e € (0,1), then there exists 6 € (0,1/2) which only depends on ¢
and w such that a* € [§,1 — §].
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Proof. We first consider the case n = 1 and briefly denote pp; := p and p11 := ¢
(in this proof only). Let f(a) = p'~*¢* + (1 — p)' (1 — ¢)®, then

1—
Flla) = p@ "log +(1-p) o1 - q)log TZ'
Since f is smooth and convex, a minimize f ( ) if and only if f'(a*) = 0. Let us

define 2 :=log ¢ and y := log =%, then p = 1=27 and 1 — p = <=L Without
p ;D et —et et —et
loss of generality, we assume p > ¢, so z < 0 and y > 0. Hence

1—eY e’ —1
/ o aT ay
flla) = Z——ue™ + ———ye
f(a*) = 0 implies
ev—1 e’—1
o = log m log ~
y—
Let
(2) 0, if z=0;
z) = 2
g E Z_l otherwise.

We can observe that ¢ is a strictly increasing smooth function on R, and ¢’ €
(0,1). o* is the slope of a secant line that intersects the function g at x and y,
so o™ can only take value ¢'(z) for some z € [z,y]. Since z € [—logw, logw]
and y € [1 — ¢, = ] there exists & which only depends on w and ¢ such that
a* €[0,1—94]. Now we can generalize the conclusion to n > 1. Let

flay:=T] £ H[pl g+ (1= poy) (1 = p1y)°]
=1

Since each positive convex function f; is decreasing on [0, d] and increasing on
[ — 4,1], so is their product pointwise f. Therefore, f achieves minimum on
[6,1—4]. |

7.8. Proof of Theorem 3.1

It suffices to replace Lemma 5.2 in [36] with the Chernoff lower bound in Sec-
tion 2.3. Let n’ = |[n/K|,

pox = (P, 0y 0,0, q,--,q), and pr.=(q,¢,...,¢P,D;---,D).
— — — ——

n’ times n’ times n’ times n’ times

Let X; ~ Bern(p) and Y; ~ Bern(q) for i € [n']. For sufficiently large np,

B(D_Yi— X 2 0) = B(p((X.¥)ipo.) < @((X.V):pr)
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= Y e@;po){(w;pos) < @(w;p1a)}
z€{0,1}2’

1 .
> 3 Z min(¢(z; pox ), (3 p1+))
ze{0,1}27'

( log (i Z)) exp(—Da+ (pos||p1+))
- (s =0) o+ AT
> (vaptos 24 =0) ™ (g + A== )R,

q p

Vv

Q
—~

s

>Q

This inequality provides a lower bound of B, (6(1)) in [36]. The rest of proofs
follow from the arguments in [36].

7.4. Auzxiliary lemmas for proof of Theorem 3.2

In this section, we will use the following concentration inequality [47, p. 118]:

Proposition 3 (Prokhorov). Let S =), X; for independent centered variables
{X;}, each bounded by ¢ < o< in absolute value a.s. and suppose v > >, EXZ,
then fort >0,

P(S > vt) < exp[—vhe(t)], where h(t) := %tlog (1+ %t) (7.3)

Same bound holds for P(S < —ut).

Lemma 6 (Uniform Parameter Estimation). For P obtained from the operation
B(A, %), and assuming Mis(Z, z) < v for % << wLK with optimal permutation
7 =id, we have

n

P(sup{|P — Plloc : Y 1z # 2} < ny} > C88K~ +7)p*)

i=1
n?p*hy(T)

< exp [— W —2n710g7}.

for every T > 0. If v < %, we can replace nylog~y by 0.

Proof. We only consider the case k = £. If k # ¢, the arguments will similarly fol-
low. LetE:{(i,j):éi:zizéjzzj:k;},Fz{(i,j):Zizéj:k, but 2175
kor z; # k}. Let iy, = |{i € [n] : Z; = k}|. According to assumptions,

(A, —ny)? < |E| <hi and |F| < 2nyiy.
Hence by definition of Py from (3.10), we have upper bound

PEE[Pre] < |E|Pre + |Flp* < 713 Prp + 2ny71p”
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Since i, 2 Nk — Y 2 g — 55K = 38K 5O

. 72 Prp + 2nyigp*
E[Py] < —E-* - TP < Py + 48K yp*.
k

For lower bound, we have

Prel > (g — ny) (g, — nry — 1) Pig > figfig Prg — 20y (g 4 1)p*
> Ny Pre — dnyngp™.

_n_

Therefore, using n, > 5 AR

again, we have

. A2P -4 ~ *
B[Py > DLkt A2mnkp
Ny

> Pre — 8B8K~p*.

Thus | Py — E[Py]| < 88K ~p*. By Proposition 3,

B(|B — ElBi]| > ') = B( D, gy » M0
(g — 2 b (7
< 2esp [ POy ()] < 2ep [ - ET]

There are at most

S (1)< () > ()

many different Z with error rate at most v. We consider the function f(z) = (%)w

which is increasing when z < a/e. By the fact that |[ny] < ny < n, the first
term on the RHS has upper bound

() = ()™ = (55" = exp(omon).

The second term on the RHS is a geometric sum, using 1 < [ny] < 522 < 7,
we have

;(n_%ﬂyz (1_n—LLZH+1)_1
:n—Ln’yJ—i—l < n

< 2.
n—2ny]+1 7~ n—2[ny]

Ifvy < %7 then Z = z is unique. Taking the union bound, we obtain the desired
probability. O

Let ¢(x;p) be the PMF evaluated at = of a Poisson-Binomial variable with
parameters p = (p1,...,ppn). In particular, if p = p1,,, then ¢(x,p) is the PMF
of a binomial distribution with parameters n and p.
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Lemma 7 (Binomial Perturbation). If |p1 —p2| < d max(py, pe) := op*, p*/w <
plapQ < 1- g, then

onp*

11,
M < exp <5wx—|— —) Ve € Zy.
5

<,0($;]521n)

Proof. Using 1+ x < e® several times, we have

plipiln) _ (ﬁl)mw

(x5 paly,) p2/ (1 —po)n—2
< (252 +6p*>l(1 — P2 +5p*)"—w
- D2 1 —132

< tawy (14 vy

6 *
< exp (5wx+ np )
€
as desired. 0
Lemma 8 (Poisson-Binomial Approximation). Let p = (p1,...,pn) be param-
eter of a Poisson binomial distribution. Let p* := maX;c[, p;- We assume at

least n(1 — «y) entries of p are exactly p, and p* < min(1 — ,wp). Then,
o(x;p)

(x5 pln)

Proof. Let S(x) = {S C [n] : |S| = 2} for x € Z4, then

< exp (’Y(np +wx)) Vo € Zy.

n

pip)=[[0=p) > T pj

i=1 SGS(x)yes

By Maclaurin’s inequality,

> < () (02"

sesm;es pri i &
so we have
o(z;p) < [T, (1 —pi) ZSGS HjeS 13—;].
o(x;ply) — ( )
[ (1 zw;(Z?M%)
< .
- pr(l—p)"
Without loss of generality, we assume p| |41 = -+ = p, = p. We have

o (=20 (T 25) 1 1 &gl — )
oS te)(fiomy 1 §n0 )
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G ) E=O IR eI

n n = p(1 —p;)

[nv]

= —113)”7 <1 " % ; 15(1]f pi))z'

By the inequality - < exp (%) for z € (0,1), we have

1 Xp(mﬁ><ep( vp)
(1—-p)y™ — 1-p €
For the other term, 1 + x < e” implies
L 7] _ "

pz ryp ywr
14— ) < exp (_7) < exp (—)
( Z p(1 —pi) p(1—p*) €
Therefore, we have
n 1 n D z
o(z;p) < [Tz, (1 _Pi)ﬁ(zz‘:l 1—};1)
e(z;ply) — pr(1—p)n*

Lemma 9 (Degree Truncation). For fized i € [n], let biy = >, c(x)bir

< exp (V(np+wx)) O

Z;’Zl A;; be the degree of node i, where A is the adjacency matriz in SBM
(see (3.1)), and assuming max;cp, E[Ai;] < p* < 1 —e. Then there exists
C. > 0, which only depends on € such that

P(biy > Cenp®) < exp(—np*(1+loge™)).
Proof of Lemma 9. We choose large enough C¢ such that

2C. — 1) »
—_ ) > .
- ) >1+loge

(C. —1)log (1 +
Now we want to find the upper bound of the following probability:
P( b+ > Cenp*) < P(biy — E[b] > (Ce — 1)np*).

For fixed i, let p; = Ajj, and v = 377, pj(1—p;), vt = (Cc—1)np*,sot > Cc—1.
By Proposition 3, we have

P(bi+ —Eb;i4] > (C. — 1)np*) <exp {—%vtlog (1 + %)]

< exp [7 (Ce — 1) log (1 + @)n})*}
< exp(—np*(loge™)),

where the last inequality holds by the choice of C.. O
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Lemma 10. Recall the Chernoff information D (pis«||pes) between Bernoulli
distribution from (2.16), assuming max; max(pg;,pei) = p* < 1 — ¢, then we
have D, (pr«||pe«) < Cenp™ where Ce only depends on e.

Proof. For « € [0,1], we have

S

Da(pk*Hpe*):Z log[p *pg; + (1 — pry)' (1 — pe;)*]
J

—log|[(1 — pr;)' (1 — pey)°]

M:

<.
I
—

M:

—(1 — a)log(l — pg;) — alog(l — pe;)
1

<.
I

< —nlog(l —p*)
< np*(loge™),
where the last inequality uses p* <1 —e. O

Lemma 11 (Perturbed Likelihood Ratio Test). We assuming the parameters
satisfies (3.3), given the ith row of the adjacency matriz A, and Z; for j € [n]
such that 377 1{2; # zj} <mny < 2BK’ and let B(p) = {P : |P — Pl|o < p}.
Assuming p < €/2 and Do (prx||pe<)? > Cinp* for some sufficiently large Cy,
then the likelihood ratio test variable

z Péz
Yiee 1= Yipe(P,2) = > Ay log 7 4 (1— Ayy)log 1=l (7.4)
kz; 1-— Pkg.
J#i g
satisfies
. L N,
P3P € B(p),Yire(P,2) > 0) S exp (C2 (5 +v+ ﬁ)np )U(pk*7pe*)~
Proof. Firstly, we define the following probability mass functions:
B K R K
o ~ Q) Bin(ir, Piy), o ~ Q) Bin(iy, Per + p),
r=1 r=1
) X ) X (7.5)
tho ~ Q) Bin(ii, Per — p) and 1y ~ (X) Bin(iir, Por + p),
r=1 r=1

where 7, = Z;L;éz Hzj =r}. Let by = 2?21 A;;1{%; = r}, then we have
i P

Sup Yie = sup 3 birlog == + (A = bir) log

PeB(p) PEB(p) r=1 v 1— Py,

K
Plr+p 17PZr+p
<3 b log + (At — byy) log —— P
— Py, — 1= Py —p

1_p€r
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We have Py, <1—¢,80 1— Py > . Let € < a,b <1, then for z € [—¢/2,¢/2],

ilo a—l—:v_ 1 + 1 <g+g—é
dz gb—x_a+x b+xr e e ¢
Therefore, log % isa = Llpschltz function. As a result,
1—P€r+P 1_P€7'_P 4p
log———— <log———— + —.
Ogl_Pkr_p_Ogl_Pkr+p+5
Hence, using Zle(ﬁr — bir) < n, we have
dnp - Py —
sup Ek€<—+zbzrlg b +p+(nr_bzr)10g$p
PeB(p) € Py — 1— Py +p (76)
4 R
A og Y1()
€ zﬁo( )

Now we consider the tail bound of Yi,. The only random variable on the RHS
of the equation above is by, for r € [K]. Let 1o be the probability mass function
of (by) € Zf . If z; # r, then b;,. follows a Poisson binomial distribution with at
least 7. —n~y parameters equal to Py,.. If z; = r, then N, —n7y need to be replaced
by n,.—n7y—1 in the previous sentence. Since v < 2ﬁK’ SO My > ﬁLK—zﬁLK = wLK
The proportion of parameters different from Py, is at most

'_n'y-i-l ﬁ 1
Y = e < (7 1) <2ﬂK( n)

T

Since vy is the joint probability mass function of a Poisson binomial distribution,
by Lemma 8, we have

40 < fLow (251 r)
r=1

o (2 D)o 03 m)).

By Lemma 7, let § := p/p*, and by the assumption max, Py +p < 1—¢/2, we
obtain

(7.7)

do(#) _ T} 260, p*\ 25np
@Z(w) < TI;II exp (wa,« + . ) = exp (&u Z Ty + ) (7.8)

We define subset of Z f :

K
E = {.’E S Zi{ : Z-Tr < Cenp*}v

i=1
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where C. is chosen to be the one in Lemma 9. Then for z € F, Zf:l z, < Cenp*.
We combine (7.7) and (7.8), and have

%Eg < exp (Cg (6 + v+ %)np*)7 Vo € E, (7.9)

where C3 only depends on 3, K, e, and w. Hence we have

IP’( sup Yige > 0) < Z ﬁo(m)l{log %l(x) > _4n_p}

PeB(p) mEZf ¢0 1’) €
N g €
- zezzx wO(x)l{ %/;o(x) - 1}
+
R 4dnp/e,), B
< ;ﬂeXP (03 (5 + v+ %)NP*)%@)l{%&(m) > 1} + %wo(x)

<exp (Co(5+7+ 2 Jup +72L) S min(o(e), ha(e)) + 3 dole)
zck

¢ E
<exp (Ca(s+7+ %)np*) 3" min(o(a), di(@) + > do(z).  (7.10)
z€E *¢E

Again, by Lemma 7, for z € F, we have

) K ~ * K "
Zzgi; S EQXP ((5&)1’7 + 26727‘17 ) = exp ((Sw;xr + 25:/]7 ) S eXp(C5np*).

Therefore, by Lemma 1, for all « € (0,1),

> min(do(x), 1 (z)) < exp(Csnp") Y min(yo(x), d1(z))

relk zel
(7.11)
Pkr(l - PZT) -1 TN
< * log k- — ) -D, )
S (Vi mas [1og =5 ) o= Daldulldn)
Now we consider the perturbation of the Chernoff information. Let
K K
o ~ Q) Bin(n,, Pir) and ¢y ~ (X) Bin(n,., Prr),
r=1 r=1
where n, = Y| 1{z; = r}. By (2.16), we have
T K
exp(—Da(¢ol|¥1)) 1—a 1— T
= Pr PO;+ 1- P, 1 — Py )|, 7.12
eXP(—Da<1/JO||¢1)) ,,1;[1[ k 4 ( ) ( ) ] ( )

Under the definition of 7, and assumption on Z;, we have

K n
S lae =l <31z # 25} <y
r=1

Jj=1
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By assumption (3.3), we have Py, Py < p* for r € [K]. Thus
PP+ (1= P)' (1 = Pp)* > 1 —p*.

Therefore,

K
TIPS P + (1= Pip) =01 = Py)) ™= < (1= p")™ < e,
r=1

Hence, exp(—Dq(¥o|Y1)) < exp(np*y — Do(voll11)). Applying this bound
to (7.11), and by Lemma 1, we have

zEE
Pkr(l PZT) -1 n i
< * 1 —D,-
N( np Tnelfm‘ %8 By (1= Pr) ) exp( (tholle1))
Pkr(l PZT) -1
< * 1 4 — Dg-
_( np Tnel%‘ o ) exp(np™y (tolle1))

S exp(np™y)n(pPrs, pes ),
where o* = argmaxqe(,1) Do~ (¢0l[11). Thus,
1 A R
exp (Ca(5+7+ — )np") D min(to(), ()
r€E (7.13)
1
<Cjsexp (Cz (6 +7+ E)np*)n(mwpe*).
By Lemma 9 and Lemma 10,
> o(x) < exp(—np*(1+1loge™")) < exp(—np* — Das (prs[[pes))-
¢ E
Under the assumption on Py, and Py, we have

Pkr(l - PZT)

w
<D
_Pfr(l_Pkr) =

glm

-1
Py, (1= Py, . N
so |log % > log . Under the assumption Do (prs||pes)? > Cinp*,

by Lemma 10 and using C; in that lemma,

np* > DO&* (pk*||p£*) > V Clnp ’
C. C.

which implies np* > O /C?. Hence, for sufficiently large C;, we have

Prr (1 — Pyy)

-1
_ > —np*).
PET’(]- - Pkr) ) o exp( P )

np* max | lo
( p ’I”G[K]‘ S
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Therefore, by Lemma 1,

exp(—np* — Da= (Pr«l[pes))
Pkr(l - PZT)

-1
b)) (- Dac (Wollvn)) S pee, ).

é( np* max ’10g

This implies >, p Yo(x) < N(Prs, pex). Applying this bound and (7.13) to
(7.11), we have

. L 1\
P3P € B(p).Yine(P,2) 2 0) S exp (C2 (3 47+ — ) np" )0, ),

as desired. O

Lemma 12 (Random Partitioning). Let I be a random subset of [n] with |I| =
|n/2| in Algorithm 1 and nl = |{i € I : z; = k}|, then for any ¢ > 0 and
sufficiently large n,

max

-
ke[K]

holds with probability at least 1 — 2K exp ( - n§2/3).

Proof of Lemma 12. We have nl ~ Hypergeometric(|n/2|, ny, n). For any fixed

k € [K], the concentration of hypergeometric distribution [48] gives ‘né - "7"’ <

n& with probability at least 1—2 exp(—n&?/3) when n is sufficiently large. Taking
the union bound over all k € [K] gives the desired result. O

Lemma 13. Suppose D* := minge Do~ (pr«||pes) is sufficiently large, then
under SBM defined in Section 3.1, for any r > 0 the misclassification rate of z
by spectral clustering in step 14 of Algorithm 1 satisfies Mis(Z, z) < Cr3/?(D*)~1
with probability at least 1 —n~", where C' only depends on B, K,w and r.

Proof. The result follows from [6, Corollary 5]. O

7.5. Proof of Theorem 3.2

Under the assumption (D*)? > Conp* for sufficiently large Cy, by Lemma 4, we
have np* 2 /ng,a*(1 — a*) > Cy where /ng, is defined in (2.17). Choosing
sufficiently large Cs, C1 is also large enough. To simplify the notation, we assume
np* > C1. We will analyze the algorithm step by step. Each step fails with some
probability, which will be summed up before calculating the error rate.

Spectral clustering and matching Assuming D* := ming¢ Do~ (p||pe) is
sufficiently large, and let r = 4, by Lemma 13, we have Mis(z,2) < C3/D* <
S,BLK with probability at least 1—n~*, because f3 is fixed and K = O(1). Without
loss of generality, we assume the optimal permutation between Z and z is identity,
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that is, nMis(z,z) = Y., 1{Z; # 2z;}. Now we consider spectral clustering in
the for loop. Using Lemma 12 and let £ = MLK’ when n is sufficiently large,

ng nk n I .

— < = — —— = I:z =k}.

< e <nl= i lin = k)
For sufﬁciently large n, we have n/(48K) < n/4 < nil Similar bound holds
for nk yle,ng/4 < nk This guarantees the community size in each partitioned
subgraph is sufficiently large. Hence for a € (0, 1),

Da(prrllper) = =Y log(py; *pg; + iy “pe;)
Jjer’

K

=Y “Flog(Bl“Pi 4+ Bl Py (7.14)
r=1

_ Da(pk*Hpé*)
ZeBeelper),

Let a* = argmaxae (o,1) Do (Prs [pes). then

v

Da- DPlx||Pex
Do (prrllper) > % N

D*

-

Then the output Z}, of first spectral clustering in step 8 satisfies
1

- SBK

when D* is sufficiently large with probability at least 1 — (n/2 —1)7% > 1 —
(n/3)~%. Now we consider the first matching algorithm in step 9. Let

= arg max Z 1{z; # w(z)},

iel’

v1 := Mis(Z},, zp) < C3(D*/4)~!

>

I/

then Zzel’ 1{21 ks (Z; } < 8|,6’I|( < 16 4EK’
WemusthaveH@E[/'Z/:kH > L— GZK IGBK Henceforeveryke [ ]
H{iel :z,=n*2) =k} > 16;1( 65K = spr- On the other hand, for any
TFET Y er HWa #m(Z)} 22 g8 = because at least two labels have

R
been permuted and at least 177

of them match Z under the permutation 7*
Then by triangle inequality of the hamming distance, we have

YUz #AxE)} 2 Y Ua#7GE)} - ) Ha # 4)
el el el

S n n  3n

= 4BK 168K 168K’

Therefore, 7* is the unique permutation such that 3, 1{z; # 7 ()} < 5%
In other words, the matching algorithm succeed to find the optimal permuta-
tion between 27, and zp. The second matching algorithm will similarly work.
Therefore, the updated Z;, and Z; are consistent with z.
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First estimated parameters We will apply Lemma 6 to find the bound for P
in step 4. Recall from the spectral clustering step that we have y; < 4C3(D*)~1
and we let 7 = C4D*/(np*) < 1 for some sufficiently small C4. By concavity of
log (1 + 2t) and 0 =log1 < <log?2 5 = log (1 + %), we have log (1 + %t) > %
on [0,

%t(£> :g for te]0,1].

hl():—tlog <1+2t) -

3

Thus, we have

2p*hy(m1) S n?p* (C’4D*>2 _ C2n(D*)? S CoC2n
AB2K?2  ~ 32B2K? 3262K2np* — 3282K?
_ 4nlog(D"/(4C3))
- D~*/(4C53)
where the second and the third inequalities hold when D* is sufficiently large,

and the last inequality is due to the fact that —z logz is increasing on [0, 1/e].
Therefore, with probability at most

—47?,’)/1 log Y1

n?p*hy (1) n2p*hy ()
exp |~ “gmger — milogn S exp | - et s
7.15
n(D*)2 N
< -~ 7 | < _
<exp | SQCZQﬁQKan*} < exp(=2D7),

we have || P— P||o < C5(88K~, +71)p* fails, where Cs corresponds to constants
in Lemma 6, and the last inequality holds for sufficiently large D*.

First likelihood ratio test In step 10, we apply likelihood ratio test on
A . We recall the definition of Yig, in (7.4) from Lemma 11. The updated
Zh, satisfies z] = z; if Yi,,¢ < O for every £ # z;. For P e B(p) = {P :
|P — P|ls < p}, the probability that the classification error rate on nodes I’ is
at least 7o after the first likelihood ratio test is

P(Z 1{1171éaxle @(P zZp) >0} > |I/\')/2)

iel’

(7.16)
gp(z 3P € B(p), max Yie,o(P. 21)) > 0} > |I’\72)

i€l
Let us define random variable

Z; = 1{3P € B(p), nyléaxY,z o(P,2}) >0}, for icl.

Since Z, only depends on Ajy /, which is independent with Ap . > 7.1 Z;
is a sum of independent variables. We can assume Z}, is fixed and satisfy-
ing Mis(z},2zp/) < 4C5((D*)71) := ;. We apply Lemma 11 with p := p; =
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C5(88K~1 + m1)p*, and let Cg be the constant in the lemma,
P(Z; = 1) < Kexp(Con(p1 +p" (11 +1/n))) min exp(—Da+ (P2, |pesr))
* 1 —D*/4
< Kexp (C6np (05(85K'Yl +71)+ 7+ E)>6
*)e—D*/4

4 .
— Kexp (80506ﬁKnp*% + CyCsCeD* + Cﬁp*)e*D /.

4
< Kexp (805066Knp*% + Chs

Since Cynp* < (D*)? for sufficiently large Cy, choosing sufficiently small Cy, we
have

*

4 D
80506,6’Knp*% + C4C5CeD* + Cgp* < 6

Since D* is sufficiently large and K = O(1), we have log K < D*/24. Thus,
P(Z; =1) <exp(—D*/4+ D*/16 + D*/16) = exp(—D*/8).

Applying Proposition 3 to (7.16), let v = |I'|exp(—D*/8), vt := |[['|y2 :=

3|I'le=P7/16 4 64, then t = eP7/16 4 %eD*/S, so the failing probability

IP’( N2> 3|1 P 64)

el’
_]P’(Z Zi — |I'|P(Z; = 1) > 3|I'|e"P" /16 4 64 — |I'|P(Z; = 1))

el

(Z Zi — |I'|P(Zi = 1) > 2|I'|e~ D" /16 + 64) (7.17)
iel’
. 4eP /16

Sexp(—(2|l/\e_D /16+64)%log (1—|— ¢ 3 ))
<exp(—2D")

The same error rate holds for Z’,. Therefore, the updated 2z’ satisfies

129

(3|I'|e P /16 4 64+ 30" |e P10 464 + 1) < 3e™P7/16 4
n

Mis(Z', z) <

SN

Second estimated parameters As we have obtained labels z' with higher
accuracy, we would like to update P as well. The proof is similar as the first
estimated parameter, but with 7 and 7, different from 771 and 7. Let 7o :=

% V' D) | Since np* is sufficiently large and by Lemma 10, ‘nf: < \/}7,

75 is arbitrarily small. Using hq(t) > t2/8 for t € [0, 1] again, we have

2, % 2, % * )%
n°p*hi(T2) > 256n°p*(1V p*D*) :8D*\/§.
4ﬁ2K2 32(71])*)2 p*




Chernoff bound and community detection in SBM 1341

Let vo := 3¢~ P7/16 1 129/n < 6e=P7/16 v 258 /n. Since —x log z is increasing on
[0,1/e], we have

. . 258
—nyslog s < (—n(6e=P7/18) log(6eD7/16)) v (—258 log (7))
e D
— 6ne= D"/ 16‘(1—6 “log 6) V (258log n — 258 log 258)
< ne~P7/32 v (2581ogn).

Again, similar as in the step of first estimated parameter, we want to show that
2, %
%}}({2) > —4nyslogvo. Using np* is sufficiently large and Conp* < (D*)2,

we have

é — 8_n > 8ne~~ 3z cfgnp* > 8ne—D*/32 > 4ne_D*/32.
p*  np*

By Conp* < (D*)? again, we have Con < ([])0—1)2, so either D* or 1/p* is greater
than y/Can, which is greater than 1032logn when n is sufficiently large. Hence

n2p*hi(72)

* 8 —D*/32
e >8D* Vv > > 4ne~P7/32 v (1032log n) > —4nvs log vs.

Therefore, by Lemma 6, with failing probability at most,

n2p*hy(72)

* 4 *
ke 2 log'yg} < exp ( —4D* v F> < exp(—2D*). (7.18)

exp [—

we have || P — P||o < C5(88K~2 +72)p*, where we recall that 7y := 3¢~ 2"/16 4

129/n and 75 = % VpTD)

np

Second likelihood ratio test The arguments will be similar as the first
likelihood ratio test. We define Z; by new p, P and Z’, i.e.,

Z;=1{3P ¢ B(p),@axnzie(ﬁ, ') > 0}.

The likelihood ratio test 2; < E(Aj*,p,é') in step 12 succeed to recover z;
if Z; = 0. We apply Lemma 11 with p := py := C5(86K~2 + m)p*, and let
n* = maxy¢ NPk« Pex), then we have

P(Z; = 1) < Kexp(Cen(pz +p*(y2 + 1/n)))0*
ﬁ) -4 (7.19)

+3exp(—2D*) +n~* + 2(3

where 3exp(—2D*) comes from the failing probability of first parameter esti-
mation (7.15), first likelihood ratio test (7.17), and second parameter estima-
tion (7.18), n~" is the failing probability of spectral clustering in step 3, and
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2(%) ~" is the failing probabilities in step 8. For the first term of (7.19), we have
Cenpz = CenCs(88K 2 + 12)p*
= 8C5Cs K (3np*e P /16 1 129p*) + 16C5Cs SK (1 V /p* D*).

Since D* > /Cynp*, we have np*e~P"/1 = O(1) for sufficiently large D*.
Clearly, 129p* < 129 = O(1) and 16C5CsSK = O(1) by assumption 3.3. Thus,

Cnpy = O(1 4 \/p*D*).
For the other part of the first term, we similarly have
Cenp* (72 + 1/n) = 3Csnp*eP"/16 4 C5130p* = O(1 + /p*D¥).
To handle the second term of (7.19), we apply Lemma 1, then we have

Prj (1 — pej)

pei (1 — prj) D " exp(=Da (o 1.)

N(Phos Pes) = 07( np* max | log

Jj€[n]
where C7 is the constant of the lower bound in the lemma. Then by (3.3),

Pij (1 — pe;

‘log )‘<logg
pei(L—pi) |l = 7 e’

Since D* > /Caonp*, then for sufficiently large D*, we have

(1 —pp) =1
C7( np* max logZM ) > 3exp(—D*)
jeml 17 pei (1 — piyj)
As a result,
* ¥ pkj(l _pfj) -1 * *
n* > C7( v/np* max | log —————=< exp(—D*) > 3exp(—2D*). (7.20)
eml |7 pe (1 — prj)

Combining these results, we have

P(Z; =1) < exp(Cs(1+/p*D*))n" + 3(§>_4. (7.21)

for some constants Cg. We will consider two cases:
Case 1: suppose D* < 2logn, then using (D*)? > Cynp*,
* T)* *\3 3 2

np*D < (D*) < Cg(logn)
n — Con — n

p*D* = =0(1)

and by (7.20),
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Thus, (7.21) can be bounded by P(Z; = 1) = O(n*), and

3 Pz =) = 0r)

Case 2: suppose nn* = o(1), we further divide this case into two situation.
Suppose the condition D* < 2logn is still satisfied, then E[Mis(Z, z)] = O(n*).
Therefore, by the Markov inequality,

:I>—‘

E[Mis(2, 2)] < Z]P’ 25 # 25) <

P(Mis(2, z) > 0) = P(Mis(2,2z) > 1/n) < nE[Mis(Z, z)] = O(nn*) = o(1).

Now suppose D* > 2logn, then using n* < e~P", for sufficiently large D*,
by (7.21), we have

]P)(Zj =1) Sexp(Cy

+VpD))e +3(§)_4

(1
<e +3(E)74 < n_4/3+3(ﬁ)74 < p=43
= 3) = 3) = '

Therefore,

n

E[Mis(2, z)] < %Zp(zj =1)=0(n=*3).

By the Markov inequality again, we have
P(Mis(2, z) > 0) < nE[Mis(2, 2)] = O(n - n~%3) = o(1).
8. Data driven adjacency regularization
We provide the procedure of data driven regularization in step 14 of Algorithm 1.

We note that this is only one of possible way to regularized the adjacency matrix.
We refer readers to original paper [22] for more details.

Algorithm 2 Data-driven adjacency regularization

1: Input: n X n adjacency matrix A and regularization parameter 7. (Default: 7 = 3)
2: Output: Regularized adjacency matrix Are.
3: Form the degree sequence Di = Z;‘il A;j for i = 1,...,n and the corresponding order
statistics: D(1) > D(2) 2 +++ 2 D(y)-
. 1 sn D
4: Let D = 7o 2ie1 Di and o = [n1/D].

5: Set di = 7D, and T={i:D;>d}.
6: For every i € Z, replace A;, and A,; by 0 to obtain Aye.
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